[1] The relationship among the frequencies of the harmonics of standing Alfvén waves depends on the variation of plasma mass density along the geomagnetic field line. This in turn means that observed standing wave frequencies may be used to infer the mass density variation, which is difficult to measure with particle instruments on spacecraft. Determination of the density variation is important in understanding mass transport processes in the ionosphere-magnetosphere system and also in improving magnetospheric diagnostic techniques using ULF waves. We investigate the frequencies of multiharmonic toroidal standing Alfvén waves detected in the electric and magnetic fields measured by the Combined Release and Radiation Effects Satellite (CRRES). The data cover the entire CRRES mission period from July 1990 to October 1991. Using a semi-automated procedure, we identify over 4000 samples of the fundamental toroidal frequency ( f 1 ), which are often accompanied by the second ( f 2 ) and third ( f 3 ) harmonics. Most ($3000) fundamental frequency samples are taken at dipole L shells from 4 to 8 and at magnetic local time (MLT) from 1200 to 1800, and we perform statistical analyses of the frequencies in this L-MLT domain. The most frequently observed ratios are f 2 /f 1 $ 2.5 and f 3 /f 1 $ 4.0 for 4 L < 6 and f 2 /f 1 $ 2.8 and f 3 /f 1 $ 4.3 for 6 L < 7. These observations are compared with the theoretical ratios obtained for the density variation of the form r = r eq (LR E /R) a , where r eq is the equatorial mass density, L is the magnetic shell parameter, R is geocentric distance to the field line, and the power law density index a is a free parameter. We find that a $ 0.5 fits the average observed frequency ratios at 4 L < 6, consistent with a diffusive equilibrium solution. No single value of a fits the average observed frequency ratios at 6 L < 7. In that case, theoretical solutions indicate that the mass density is locally peaked at the equator; that is, the mass density decreases as one moves off-equator, then increases again toward the ionosphere. Combined with the results of recent studies of electron density (which have not found such a peak in density at the magnetic equator), this indicates that heavy ions are preferentially concentrated at the magnetic equator.
Introduction
[2] Magnetospheric ULF pulsations in the Pc3, Pc4, and Pc5 bands (period > 10 s) have long been used to estimate the plasma mass density, r, in the magnetosphere [Obayashi and Jacobs, 1958; Gul'yel'mi, 1966; Takahashi and McPherron, 1982; Waters et al., 1996; Price et al., 1999; Menk et al., 1999; Loto'aniu et al., 1999; Chi et al., 2000; Denton et al., 2001; Takahashi et al., 2002] . This technique is based on the assumption that the pulsations are standing Alfvén waves excited on geomagnetic field lines. Evidence for the standing waves is abundant both on the ground [Sugiura and Wilson, 1964] and in space [Cummings et al., 1969] . Field lines sustain standing waves when they are subjected to disturbances internal or external to the magnetosphere and when the ionosphere reflects Alfvén waves. The most commonly observed magnetospheric standing Alfvén waves have magnetic (electric) field perturbations in the azimuthal (radial) direction, and they are termed toroidal waves [Radoski and Carovillano, 1966] . As many excitation mechanisms have a broad frequency spectrum, the observed toroidal waves often consist of multiple harmonics that fall into the band covered by the source spectrum [Takahashi and McPherron, 1982; Hasegawa et al., 1983; Tonegawa and Fukunishi, 1984; Anderson et al., 1990] .
[3] The Wentzel-Kramer-Brillouin (WKB) approximation provides a simple explanation of the relation between the frequency of standing Alfvén waves and the plasma mass density. In this approximation the frequency of the nth harmonic, denoted f n with n = 1 for the fundamental, is given by f n $ nf 1;WKB ¼ n
where the integral is taken along the magnetic field line of interest between the northern and southern foot points at the ionosphere, ds is a differential length along the field line, V A = B/(m 0 r) 1/2 is the Alfvén speed, m 0 is the magnetic permeability, r is the mass density, and B is the magnetic field magnitude. If the magnetic field B is known, which is the case for the inner magnetosphere, r is the only remaining quantity that controls the frequency. This means that once we specify the functional form for the density variation along the field line r(s), we can uniquely relate the observed pulsation frequency to the mass density anywhere along the field line.
[4] The goal of the present study is to determine the field-aligned mass density variation using multiharmonic toroidal oscillations observed from spacecraft. In contrast to equation (1), which is merely a rough approximation, exact solutions of the standing Alfvén wave equation [Cummings et al., 1969] indicate that the ratios among the harmonic frequencies in fact depend on the mass density variation along the field line. This fact in turn allows us to infer the density variation from multiharmonic toroidal waves. Note that very often, waves are detected only at the fundamental frequency, especially on the ground. Any information we gather here on the typical field-aligned mass density variation will better enable us to relate the fundamental frequency to the density.
[5] There are two important aspects in studying the fieldaligned mass density variation. One concerns the physics of mass transport between the ionosphere and the magnetosphere. The density variation will depend on the dominant force acting on ions. In addition to idealized stationary cases, there could be various mass distributions depending on the phase of mass transport between the ionosphere and the magnetosphere during geomagnetically active periods (see Lemaire and Gringauz [1998] for a review on theoretical studies of this problem). Unfortunately, it is difficult to test the theories through direct particle measurements since no instrument has a complete coverage of ions in terms of mass, charge state, energy, and pitch angle.
[6] Another important aspect concerns the diagnostic capability of ULF waves. Usually only a small number of toroidal Alfvén harmonics will be detectable, and the frequencies of these may not be very accurately determined (see discussion by Price et al. [1999] ). If one is interested in the equatorial mass density, one needs to assume some functional form for the field-aligned mass density variation in order to relate the observed ULF frequencies to the density. For the most part, we adopt the power law model used in previous studies [Cummings et al., 1969; Orr and Matthew, 1971; Takahashi and Anderson, 1992; Schulz, 1996; Loto'aniu et al., 1999] , which is given by
where r eq is the density at the magnetic equator, L is the magnetic shell parameter, R E is Earth radius, R is geocentric distance to a point on the field line, and a is the power law index. This power law index determines the frequency ratios among the harmonics. A negative (positive) value of a means that the density increases (decreases) with increasing radial distance.
[7] Although simple, the power law model is a surprisingly good representation of some theoretical models of the field line distribution. Figure 1 compares theoretical models of Angerami and Carpenter [1966] with three power law distributions. The curve labeled ''diffusive equilibrium'' is derived for the high-density region (plasmasphere) where the hydrostatic approximation is valid. It is the region close to the magnetic equator, where B, and hence V A , is the smallest, that makes the greatest contribution to the Alfvén frequencies (see the integral in equation (1)). The two Figure 1 . Comparison of theoretical field-line distributions of electron number density and examples of power law density distributions adopted in our numerical calculation of toroidal frequencies. The theoretical curves are taken from Figure 13 of Angerami and Carpenter [1966] .
vertical lines in the figure show the position on the field line at which the integral in equation (1) reaches 90% and 99% of its value integrating from the magnetic equator (right side of plot) down to an altitude of 500 km. For the region to the right of these lines, the curve for diffusive equilibrium lies mostly between the (1/R) 0.5 and (1/R) 1 power law distributions. The curve labeled ''collisionless'' refers to the case where an ion-exosphere boundary (located at 1000 km altitude in this example) separates a collisionless plasma above and a Maxwellian plasma below, which could be appropriate for the low-density region (plasmatrough). This curve is virtually identical to a (1/R) 4 power law distribution. [8] In some cases, we will find that the observed frequency ratios are not consistent with a monotonic function (such as equation (2)), and we will use a polynomial function with three terms for the base 10 logarithm of the mass density,
in terms of the Alfvén crossing time coordinate t, where
and the integral is calculated from the magnetic equator to any position along the field line. In this case, the output from our calculation will be the latitudinal dependence of the mass density. The coordinate t is the most natural choice for evaluating the mass density, since in the WKB approximation the nodes of an Alfvén wave are evenly spaced with respect to this coordinate.
[9] For a rough estimate of the field-aligned mass density dependence, we compare frequency ratios to those at geosynchronous orbit. Table 1 lists the frequency normalized to the fundamental, f n /f 1 , for the second and third harmonics for integer values of a from À6 to 6, assuming a dipole magnetic field and L = 6.6. The frequencies are obtained by numerically solving the toroidal wave equation [Cummings et al., 1969; Singer et al., 1981; Denton et al., 2001] . A perfectly reflecting ionosphere is assumed at an altitude of 500 km. Use of the dipole field model is not a bad approximation for the present study since we statistically analyze wave events observed on the dayside at L = 4-8 where the field line configuration is nearly dipolar [Singer et al., 1981] .
[10] As can be seen from Table 1 , the normalized frequencies decrease as a increases. For example f 2 /f 1 $ 3 for a = À6 and f 2 /f 1 = 2 for a = 6. The dependence on a is explained qualitatively by considering the portion of the field line that is involved in the oscillation . For example, consider the fundamental mode. This mode has a maximum field line displacement at the equator, so the equatorial mass density has a strong influence on the frequency. By contrast, the second harmonic has a node of field line displacement at the magnetic equator, so the mass density localized within a short distance from the equator will not significantly affect the frequency of this mode. Now assume that the mass density decreases with increasing radial distance more rapidly than the magnetic field magnitude does, corresponding approximately to a > 6. For this case the low equatorial mass density allows the field lines to oscillate faster near the equator than off the equator, making the fundamental frequency higher than the half of the second harmonic frequency, i.e., f 2 /f 1 < 2. This consideration explains why the frequency ratio increases as a decreases.
[11] Also, a few special cases are worth mentioning. When a = 0, the density is constant along the field line. When a = 6, the Alfvén velocity is approximately constant along the field line, making the WKB frequencies f n = nf 1 the exact solutions. Previous studies of the field line dependence of the electron density n e have found a = 0 -1 in the plasmasphere, consistent with diffusive equilibrium [Angerami and Carpenter, 1966; Goldstein et al., 2001; Denton et al., 2002a Denton et al., , 2002b . In the plasmatrough, where the equatorial electron density n e0 is small, larger values of a have been found, a = 1.7-3 [Goldstein et al., 2001; Denton et al., 2002a Denton et al., , 2002b . As discussed by Goldstein et al., the low values of a in the plasmasphere are consistent with diffusive equilibrium, which leads to nearly constant density along the field line.
The larger values of a in the plasmatrough represent an intermediate dependence between that consistent with diffusive equilibrium and collisionless models (a = 3 or 4) (see discussion by Goldstein et al. [2001] ).
[12] The frequency of poloidal waves is also worth mentioning. Poloidal waves are standing Alfvén waves with radial field line displacement. In the limit of infinitely large azimuthal wave number the waves are purely transverse and have no azimuthal field line displacement. According to Cummings et al. [1969] the fundamental poloidal frequency is much lower than the fundamental toroidal frequency. For example, the difference is $30% for a = 1. Except for the fundamental mode, however, the difference is very small, being $1.5% for the second harmonic and $0.6% for the third harmonic. Therefore the ratios f 2 /f 1 and f 2 /f 1 for the poloidal waves are $30% higher than for the toroidal waves.
[13]
In this study we statistically analyze toroidal harmonics instead of looking at individual events. There have been attempts to determine a from observed toroidal harmonics. For example, Takahashi and McPherron [1982] determined the index by comparing the observed second through fifth harmonics to the theoretical frequencies tabulated by Cummings et al. [1969] . Over the time span of 7 hours, they found values of a varying between 0 and 4. is also possible that this variation results from the uncertainty due to the inaccuracies of the method, particularly in measuring the frequency ratios. Here we will examine the field line dependence based on the average toroidal frequency ratios, which we expect to be more accurate than ratios calculated for individual wave events. We demonstrate that these ratios have preferred values, from which we can calculate a typical field line dependence.
[14] The remainder of this paper is organized as follows. In section 2 we describe the experiments. In section 3 we describe the data analysis. In section 4 we compare observations and models. Section 5 presents the conclusions.
Experiments
[15] We determine toroidal frequencies using data acquired by the Combined Release and Radiation Effects Satellite (CRRES). CRRES was launched on 25 July 1990 and was operated until 12 October 1991. The spacecraft had an elliptical orbit with initial perigee altitude of 350 km, apogee at 6.3 R E , approximately geocentric distance, an inclination of 18°, and a period of $10 hours. The spacecraft was spin stabilized with the spin axis pointing to the Sun within 15°. The spin period was approximately 30 s. We use the electric field measured by the cylindrical sensors of the electric field experiment , vector magnetic field measured by the fluxgate magnetometer , and electron density n e derived from the power spectra measured by the plasma wave experiment .
[16] The field experiments provided vector data appropriate for detecting ULF pulsations. The electric field experiment measured two electric field components in the satellite spin plane. The third component, directed along the spin axis (e x ), was obtained by assuming that there is no electric field E along the ambient magnetic field B, that is, E Á B = 0. This technique produces reliable results only when the angle between the satellite spin plane and B, denoted l spB , is larger than 20°; for the results shown in this paper we exclude data for which this criterion is not satisfied. The magnetometer made full vector measurements with a resolution of 22 nT inward of L $ 3.5 and a resolution of 0.43 nT outward of L $ 3.5. Since toroidal oscillations have small amplitudes ($1 nT), they tended to be masked by the digitization noise when the spacecraft was at L < 3.5. The electric field data do not have this radial limitation. We use spin averages [Maynard et al., 1996] of the electric and magnetic field data that were provided by the CRRES science team. The averages are generated at every half spin period, resulting in a time resolution of approximately 15 s (the spin period varied). This oversampling allows detection of spectral peaks beyond the nominal Nyquist frequency of 17 mHz, which corresponds to the 30-s spin period. The result of the averaging is that the quality of the power spectra gradually degrades between 17 mHz and 33 mHz.
[17] Data from the plasma wave experiment are used to estimate the electron number density n e based on spectral features in the electric field oscillations. The density was calculated from narrow-band emission at the upper hybrid resonance frequency and from the cutoff at the plasma frequency of the continuum radiation [LeDocq et al., 1994] . The electron density was usually determined at 8-s resolution.
Data

Determination of the Fundamental Toroidal Frequency
[18] We start data analysis by generating dynamic power spectra of the radial component of the electric field E n and the azimuthal component of the magnetic field B j . The field components are defined in the mean-field-aligned coordinates, in which the m-axis is in the direction of the 150-s running averages of the magnetic field vectors, the n-axis is perpendicular to the m-axis and directed outward, and the j-axis is directed eastward. The spectra are generated for all orbits and visually scanned for overall quality of the data and for band structures characteristic of multiharmonic toroidal waves.
[19] Figure 2 shows exemplary spectra generated for orbit 953. Figures 2a through 2d are the electron number density n e , the power spectral density of the E n and B j components (denoted S En and S Bj ), the E n -B j coherence, and the E n -B j cross phase, respectively. The location of the spacecraft is printed at the bottom, where R is geocentric distance in Earth radii, L is the equatorial distance to the field line, MLAT is magnetic latitude in degrees, and MLT is the magnetic local time in hours. The magnetic coordinates are calculated using a centered dipole (SM coordinates). The spectra are obtained by using a moving-time window Fourier transform method [Bendat and Piersol, 1971 ] with a window length of 100 points ($25 min). The window moves forward by 25 data points in successive steps. Threepoint averages are taken over frequency to smooth the spectral parameters. The n e plot indicates that the spacecraft crossed the plasmapause at $0100 UT and spent much of the orbit in the plasmatrough (the inbound plasmapause crossing is not obvious).
[20] A band structure consisting of two or three spectral peaks is visible in both S En ( Figure 2b ) and S Bj (Figure 2c ). The structure is most evident in S En during 0100-0400 UT. The band nearest the zero frequency, attributed to the fundamental toroidal mode, has the highest intensity. The frequency changes from $8 mHz at 0100 UT (R = 3.45 R E ) to $3 mHz at 0500 UT (R = 6.49 R E ). The frequency of the second (third) band changes from $20 mHz ($30 mHz) at 0100 UT to $8 mHz ($12 mHz) at 0400 UT. In S Bj the fundamental mode is clearly visible, but the second and third harmonics have weaker appearances. The coherence spectra ( Figure 2d ) exhibit two bands of high coherence, corresponding to the fundamental and third harmonics. The cross-phase spectra (Figure 2e) show that the phase is near 90°for the fundamental mode and À90°for the third harmonic. Detection of the fundamental through third harmonics is possible because the satellite was 4°-20°away from the magnetic equator where E n (B j ) likely has a node for the even (odd) harmonics. Although multiharmonic toroidal waves were reported previously [Takahashi and McPherron, 1982; Engebretson et al., 1986] , combined analysis of E n and B j , which is unique to the present study, gives a particularly strong basis for mode identification.
[21] Once the presence of the toroidal waves is confirmed, we determine the frequency at the spectral peaks. As the display format of Figure 2 is not particularly useful for this purpose, we use another spectral analysis method. It is similar to the technique applied to Active Magnetospheric Particle Tracer Explorers/Charge Composition Explorer (AMPTE/CCE) data in a statistical analysis of the fundamental toroidal frequency at L = 6-10 [Takahashi et al., 2002] .
[22] The method consists of eight steps as summarized in Table 2 . In step 1, we verify that jl spB j > 20°(satisfied at UT 0700 for the data in Figure 2 ), so that the electric field vector data are reliable. In step 2, we compute the autopower spectra of E n , E j , B n , B j , and B m in a moving 20-min time window that is shifted in 10-min steps. The spectra are denoted S En ( f ),. . . S Bm ( f ). We use the maximum entropy method (MEM) as coded by Press et al. [1986] with the number of poles equal to 10. With MEM it is easy to locate a spectral peak because the spectra are given in an analytical form. In step 3, S En ( f ) and S Bj ( f ) are scanned for peaks. As the peaks in general do not exactly match between the field components, they are denoted f peak,E and f peak,B , respectively. In addition, we are aware that not all peaks in S En ( f ) and S Bj ( f ) originate from toroidal-type oscillations. It is known that both toroidal and poloidal waves are excited in the magnetosphere [Arthur and McPherron, 1981] . Poloidal waves have field line motion and transverse magnetic perturbation in the radial direction and electric field perturbation in the azimuthal direction. As noted above in the description of Table 1, standing wave frequencies are different between toroidal and poloidal modes. It is thus very important to extract frequency information only from the toroidal waves. In order to identify toroidal-type oscillations, we compare the spectral intensity of the toroidal and nontoroidal components (step 4). We require toroidal-type waves to satisfy S En ( f peak,E ) > S Ej ( f peak,E ) for the electric field and S Bj ( f peak,B ) > S Bn ( f peak,B ) and S Bj ( f peak,B ) > S Bm ( f peak,B ) for the magnetic field. In step 5 we examine if the surviving spectral peaks have a sufficiently narrow bandwidth to ensure well-defined resonances. Specifically, we compute the full-width at half maximum (denoted Df ) for each peak in S En ( f ) and S Bj ( f ). Only those peaks satisfying Df < 4 mHz are retained. In step 6 we eliminate spectral peaks in S Bj ( f ) that fall in the band 14-15.5 mHz, which contains a known artificial oscillation. In step 7, we generate plots of f peak,E and f peak,B as a function of time, compare them with the dynamic spectra of the format shown in Figure 2 , and identify the f peak,E data points that correspond to the fundamental toroidal mode. This frequency is denoted f 1,E . In step 8 we normalize the frequency of the spectral peaks by the electric field fundamental frequency: f norm,E f peak,E /f 1,E and f norm,B f peak,B /f 1,E . The choice of f 1,E for normalization is made because there is a general tendency for the ULF power to decrease with increasing frequency and because the electric field of the fundamental mode at CRRES usually shows the highest signal-to-noise ratio owing to the equatorial antinode of the mode.
[23] Figure 3 shows the above stepwise procedure as applied to orbit 953. Figure 3a illustrates f peak,E and f peak,B plotted on common frequency and time axes. It reproduces major features found in the gray scale spectra shown in Figures 2b and 2c but also enables detailed comparison in frequency between the components. Below 8 mHz, both f peak,E and f peak,B form a continuous trace representing the fundamental toroidal mode (Figure 3b isolates the electric field part of the frequency, denoted f 1,E ). The frequencies are nearly identical, ensuring that the same toroidal oscillation is detected in E n and B j . This result justifies the use of E and B data that are processed differently prior to spectral analysis: No filtering was done to E, whereas the magnetic field data were in effect high-pass filtered when we rotated the original B data into the mean-field-aligned coordinates. The second and third harmonics are also visible in f peak,E , from 0110 to 0240 UT and from 0110 to 0620 UT, respectively. However, this is not the case with f peak,B . For example, there are a few f peak,B data points around 0300 UT that fall between the expected second and third harmonic frequencies. This suggests that not all frequency samples that passed the criteria summarized in Table 2 are genuine toroidal harmonics. We have not attempted to identify the origin of these anomalous data points or to exclude them by imposing additional conditions.
[24] Figure 3c shows the normalized frequencies. Note that the normalization is possible only for those time steps at which f 1,E can be defined. On orbit 953, there are a few f 1,B samples whose electric field counterpart is not defined. By definition, the low-frequency group of f norm,E data points forms a straight line at f norm = 1.0. A group of f norm,B data points closely follows it. Additional groups are found in f norm,E : one in the range 2.0 < f norm < 3.5 and the other in the range 3.5 < f norm < 5.0. These are attributed to the second Regarding the first possibility, we note that the bandwidth for the f 1,E data plotted in Figure 3c has a mean value of 0.54 mHz. At the spacecraft apogee on this orbit where the fundamental frequency is about 3 mHz, this bandwidth roughly translates to a ±10% uncertainty in the frequency. Such uncertainty can account for the fluctuations in the normalized second and third harmonic frequencies.
[25] CRRES spent nearly equal amounts of time on the dayside and nightside, but far more toroidal wave events are found on the dayside. Figure 4 shows the L versus MLT location of CRRES for the 4212 f 1,E samples identified from the entire data set. The absence of events in the prenoon sector is due to termination of CRRES operation before its apogee moved though this sector. Gaps are also evident at $0700 MLT and $1900 MLT. These are caused by the condition jl apB j > 20°imposed to exclude unreliable electric field samples. High occurrence of events on the dayside is consistent with previous statistics that used only magnetometer data [Anderson et al., 1990] . Dayside sources, including solar wind pressure pulses, are the likely driver of the toroidal waves. In the following statistical analyses we use only the frequency samples taken from the1200 -1800 MLT sector, considering the fact that a large fraction ($3000, or 71%) of the f E,1 samples reside there. Our focus on the dayside events has the advantage of making Table 1 a useful reference. Evaluating theoretical harmonic frequency for the nightside region is challenging because the ambient magnetic field significantly deviates from the dipole field.
[26] To check whether our method correctly identifies the toroidal waves, we investigate the dependence of f 1,E on L and n e . Figure 5 shows the results using all f 1,E samples in the 1200 -1800 MLT sector for which n e estimates are available. The n e samples used here are averages over the same 20-min segments as those used for the power spectra. The dots in the scatterplots are individual events, and the large circles are medians in L bins, which are1.0 wide. The n e points cluster near the upper and lower envelopes of the distribution, implying values inside and outside a plasmapause whose location varies over most of this range of L shells. Density variations that depend on geographic longitude [Clilverd et al., 1991] might also contribute to the spread of the data points. The median f 1,E decreases monotonically with L (Figure 5a) , from 7.6 mHz at L $ 3.5 to 3.0 mHz at L $ 7.5.
[27] Having f 1 allows us to evaluate the mass density and then compare it to the electron number density to obtain the Figure 4 . CRRES location in L-MLT coordinates for the times at which the fundamental toroidal frequency was detected in the E y component using the procedure illustrated in Figure 2 . The spacecraft ceased operation before its apogee reached 1200 MLT, leaving a gap in the 0900 -1200 MLT sector at large distances. The condition abs(l spB ) > 20°is the cause of the gap at $0700 MLT and $1900 MLT. The total number of samples is 4212, with 2971 (71%) occurring at 1200 -1800 MLT. ion mass factor r/(n e m p ), where m p is the proton mass. Although the mass factor is not the goal of this study, it is a measure of the correctness of our f 1 samples. We solve the toroidal mode equation for the dipole field with a power law index a = 1 to obtain the equatorial mass density for the median f 1,E and compare it with the median n e shown in Figure 5b (use of a = 1 is motivated from the results shown in sections 4 and 5). We find that in order for the median f 1,E to be consistent with the median n e , the mass factor needs to be in the range from 2 to 6. This appears to be in reasonable agreement with the value 2.4 given by Horwitz et al. [1986] for a plasmasphere consisting of 75% H + , 20% He + , and 5% O + . During high geomagnetic activity the oxygen ions can become the major ion species [Hamilton et al., 1988] , and it is possible to have mass density in excess of 2.4. From this consideration we believe that the fundamental toroidal mode frequency is consistent with the electron density.
[28] We also examine the consistency of our f 1,E with the fundamental toroidal frequencies reported at geosynchronous orbit L $ 7. The median f 1,E from CRRES covering the geosynchronous distance (6 L < 7) is 3.3 mHz. This is close to the GEOS 2 observations made around 1979 [Junginger et al., 1984] but is more than 50% lower than the AMPTE/CCE observations ($7 mHz) made around 1988 [Takahashi and Anderson, 1992] . The large discrepancy between studies can be accounted for with a solar cycle effect [Takahashi et al., 2002] . The ionosphere supplies more ions to the magnetosphere during the solar maximum as the ionosphere is heated to a higher temperature by elevated solar irradiance [Wilson, 1997] . This means that magnetic field flux tubes are heavily loaded during the solar maximum leading to low f 1 observed by GEOS 2 and CRRES, while the flux tubes are lightly loaded during the solar minimum leading to high f 1 observed by AMPTE/CCE. We conclude that the CRRES result is consistent with previous geosynchronous observations. We also note that enhanced mass loading during solar maximum has been reported from ground-based observations of Pc3 pulsations at L = 1.6 [Vellante et al., 1996] .
Statistical Analyses
[29] In this section we statistically examine the relationship among the toroidal harmonic frequencies and their dependence on spacecraft radial distance. Figure 6 shows the occurrence distribution of f peak,E and f peak,B for four ranges of L covering 4 to 8. In each panel of the f peak,E distribution, there is a prominent peak below 6 mHz, which we attribute to the fundamental toroidal mode. Consistent with the median statistics shown in Figure 4 , the peak occurs at $6 mHz for 4 L < 5, and it gradually moves downward with L to $3 mHz for 7 L < 8. The distribution goes down to a minimum outside the peak of the fundamental, slightly moves up, and then stays flat. The lack of outstanding peaks at higher frequency ( f > 6 mHz) is caused by the overlap of higher harmonics whose frequency shifts from one orbit to another. The distribution of f peak,B is basically the same at frequencies below $8 mHz. However, it exhibits a rather strong secondary peak at $10 mHz, which is most evident for 5 L < 6 and 6 L < 7. We do not believe that this peak is entirely due to toroidal waves. Going back to Figure 3a we find that a peak in S Bj occurs between the second and third harmonics in the E n component, for example, at 0300 -0400 UT. The criteria for magnetic field polarization (Table 2, step 4) do not completely filter out nontoroidal oscillations in the magnetic field or have the capability of distinguishing between natural phenomena and instrumental noise. We suspect that magnetic field data contain artificial oscillations at $10 mHz. In this regard, we are inclined to place more trust on the electric field data in mode identification above 10 mHz.
[30] Frequency normalization proves to be a very useful technique to organize the observed frequencies. As an example, we show in Figure 7 the distribution of f norm,E for 4 L < 5. The difference from the raw distribution ( Figure 6 , top left) is quite evident. The distribution of the normalized frequency has a spike at f norm,E = 1.0, which is a natural consequence of using f 1,E for normalization. Most important are the two additional peaks located to the right of the spike. They are attributed to the second and third harmonic toroidal waves. In order to determine the center of the peaks, we fit a model function consisting of two Gaussians to the distribution. In this example the fitting is done for the range 1.2 f norm,E 8.0 and the model function is plotted with a heavy line. We consider the fitting to be a good representation of the distribution and adopt the two peaks in the model, located at f norm,E = 2.49 and f norm,E = 3.98, to represent the normalized toroidal frequencies for the second and third harmonics. In the following sections the statistically derived normalized frequencies are denoted h f 2 /f 1 i E ,h f 3 /f 1 i E , etc. [31] We sort all available samples of f norm,E and f norm,B in L, generate the occurrence distributions, and apply the same model-fitting procedure to the distributions. The results are summarized in Figure 8 . Let us examine the f norm,E results (left column) first. As in Figure 7 , two peaks corresponding to the second and third harmonics are evident at 5 L < 6 and 6 L < 7, but the location of the peaks varies with L. Namely, h f 2 /f 1 i E moves up from h f 2 /f 1 i E $2.6 at 5 L < 6 to $2.9 at 6 L < 7. Similarly, h f 3 /f 1 i E moves up from $4.1 to $4.3. In the outermost region 7 L < 8, the distribution produces a broad enhancement centered on f norm,E $ 4. Whether this is a real tendency or an artifact of the small number of samples is not clear, so we do not attempt to fit a model distribution in this L range. Analysis of magnetic field data from geosynchronous satellites is under way, which will clarify the frequency structure in the L $ 7 region.
[32] The f norm,B distribution ( Figure 8 , right column) has a great similarity to f norm,E at the fundamental and second harmonic but not so at higher harmonics. There is a strong peak at f norm,B = 1, again indicating that the spectral analysis done independently on E n and B j correctly identifies the fundamental mode in both components (for L 7 the peak is above the upper limit of the vertical axis). The second harmonic is evident for 5 L < 6 and 6 L < 7 with values h f 2 /f 1 i B $ 2.5 and h f 2 /f 1 i B $ 2.8, respectively. There are peaks above these frequencies but they are not as clearly isolated as the third peak in the f norm,E distribution. We conclude that the third harmonic is ambiguous in the f norm,B statistics.
Discussion
[33] The main results from our statistical analysis are summarized in Table 3 . The columns labeled ''hf 2 /f 1 i E ,'' ''h f 2 /f 1 i B ,'' and ''h f 3 /f 1 i E '' list the results of the Gaussian fitting, including standard deviations based on the uncertainty of the peak location and the width of the peak. The value listed in the column labeled ''h f 2 /f 1 i'' is found from the statistical average ofh f 2 /f 1 i E andh f 2 /f 1 i B (the two values are weighted by the inverse of their squared standard deviation).
It represents a more accurate value for the normalized frequency of the second harmonic than would be given by the electric or magnetic field data alone. The number in the parentheses in each one of these columns is the value of a obtained by interpolation of the values listed in Table 1 for the given frequency ratio. For 4 L < 5, a = 1.6 fits h f 2 /f 1 i, while a = 1.8 fits h f 3 /f 1 i E . The fact that these values are practically the same indicates that the power law form (2) is satisfactory to describe the mass density field line dependence.
[34] For a more accurate solution, we solve the toroidal Alfvén wave equation in the manner described by , but using the power law form (2). Listed in the column labeled ''a Dip-Peaks '' is the value of a for which the theoretical frequency ratios best match the observed ratios using the peak frequencies for h f 2 /f 1 i and h f 3 /f 1 i E listed in Table 3 as input (2.50 and 3.97, respectively). To be more specific,
is minimized, where h f 2 /f 1 i th and h f 3 /f 1 i th are the ratios of frequencies for the theoretical solution of the wave equation solved at L = 4.5 using a dipole magnetic field. The reason that the resulting value of a Dip-Peaks = 1.3 is not intermediate between the values listed in parentheses under ''h f 2 /f 1 i'' and ''h f 3 /f 1 i E '' in Table 3 (1.6 and 1.8, respectively) is that our Large dots indicate the peak of Gaussians fitted to prominent peaks in the distribution, and the numbers above the dots indicate the value of the normalized frequency at the peak. theoretical solution for a Dip-Peaks assumes L = 4.5, whereas the frequency ratios listed in Table 1 are appropriate for geosynchronous orbit L = 6.6 [Schulz et al., 1993; Schulz, 1996; Denton and Gallagher, 2000] . (The difference in the resulting values of a is not great, which means that Table 1 is useful for getting a rough idea of the a value.)
[35] In the same column of Table 3 as a Dip-Peaks , a theoretical value a Dip-Ensemble from a Monte Carlo simulation is also listed. As described by Denton et al. [2001] , an ensemble of frequency ratios for h f 2 /f 1 i and h f 3 /f 1 i E is generated using the standard deviations listed in Table 3 (0.29 and 0.48, respectively). Fifty combinations of h f 2 /f 1 i and h f 3 /f 1 i E are generated using a random number generator, and for each combination, the value of a is found for which e f in equation (5) is minimized. Then the average and standard deviation of these calculated a values are determined, so that the resulting value a Dip-Ensemble = 1.2 ± 2.2 is consistent with the entire distribution of observed frequency ratios. The average value using this Monte Carlo approach, 1.2, is close to that based on the peak frequencies, 1.3. More significantly, the resulting uncertainty in a Dip-Ensemble is large (2.2), indicating that within the distribution of frequency ratios consistent with the Gaussian peaks in Figure 8 , the theoretical solution can have mass density peaked at the magnetic equator (negative a) as well as a minimum at the magnetic equator (positive a). However, as noted above, the uncertainty in the observed frequency ratios is roughly consistent with the bandwidth of the calculation. Therefore it is likely that a large part of the uncertainty in a Dip-Ensemble = 1.2 ± 2.2 is due to the limitations of our experimental method rather than to a real variation in the field line dependence. At any rate, we can definitely say that the typical mass density field line dependence at L = 4-5 is a $ 1 (based on the average frequency ratios, or finding the average result from the distribution of frequency ratios), so that the mass density mildly increases with latitude as one moves away from the magnetic equator (see Figure 1) .
[36] Finally, we repeat the theoretical calculation of a leading to a Dip-Peaks and a Dip-Ensemble , but now using the Tsyganenko, 1996 magnetic field model [Tsyganenko, 1995 [Tsyganenko, , 1996 with a dipole inner field. (In this case, ''L'' in power law form (2) corresponds to R max /R E , where R max is the maximum distance to any point on the field line.) For the location of the field line, we use MLT = 1500 (midpoint of the data range MLT = 1200 -1800). We also use the average values for the geomagnetic index Dst = À39 and solar wind parameters, the GSM components of the interplanetary magnetic field, B y-GSM = 0.12 nT and B z-GSM = À0.34 nT, and the dynamic pressure, p dyn = 3.8 nPa. These were found by averaging over the range of time during which the wave events were observed, 9 July 1991 to 7 October 1991. In the final column of Table 3 , the resulting values of a T96-Peaks = 0.8 and a T96-Ensemble = 0.7 ± 2.3 are listed; these are slightly lower than the corresponding values based on the dipole field model (1.3 and 1.2 ± 2.2, respectively).
[37] For 5 L < 6, the results are very similar. On the basis of h f 2 /f 1 i and h f 3 /f 1 i E , the a values interpolated from Table 1 are 0.8 and 0.9, respectively. Again, the agreement of these numbers indicates that the power law form (2) is adequate to describe the field line variation. The more accurate values based on our numerical solutions using the dipole magnetic field model are a Dip-Peaks = 0.7 and a Dip-Ensemble = 0.7 ± 1.9. Using the Tsyganenko [1995, 1996] magnetic field model, we find a T96-Peaks = 0.4 and a T96-Ensemble = 0.4 ± 1.9.
[38] For 6 L < 7, however, the a values based on h f 2 /f 1 i and hf 3 /f 1 i E vary significantly, À3.6 and À0.5, respectively. This fact indicates that the power law form (2) is not adequate to describe the mass density field line dependence. For completeness, we list values of a Dip-Peaks = À1.2, a Dip-Ensemble = À1.9 ± 3.1, a T96-Peaks = À0.8, and a T96-Ensemble = À1.0 ± 2.7 in Table 3 . These indicate that using power law form (2), a negative value of a is indicated, suggesting that the mass density has a maximum at the magnetic equator. However, the frequency ratios suggest a more complicated field line dependence than power law form (2) can describe, as discussed below.
Source of Frequency Spread
[39] The peaks of the distribution of f norm,E and f norm,B are broad. This implies that either there is an error in the observed toroidal frequency or a is truly variable or both. Let us consider the first possibility. Toroidal waves are constantly changing because no source mechanism is truly steady. One extreme example is wave excitation by solar wind pressure pulses. Every time a pressure pulse excites a new toroidal wave, the phase and amplitude of the waves are re-initialized. When the time window for spectral analysis encounters such a transition it results in broadening of the spectrum and the associated uncertainty in harmonic frequencies. We believe that the strength of the driver of the toroidal waves is constantly changing and every spectrum is affected by this source property. Damping of the wave should also contribute to spectral broadening.
[40] Figure 9 illustrates the dynamic behavior of ULF wave time series and its effect on the power spectrum. The 20-min segment of E n is taken from the same CRRES orbit shown in Figures 2 and 3 . The spacecraft was near apogee and at magnetic latitude of À19°. The first third of the time series data (top panel) is dominated by a $2-min (8 mHz) oscillation, which we attribute to the second harmonic. In the remaining part, the fundamental ($5 min) and the third ($1 min) harmonics also become evident. The temporal variation of the amplitude leads to a spread of the spectral peaks. In the spectrum computed for the entire 20-min segment (bottom panel) the peak for the fundamental has a full width of 1.0 mHz, corresponding to a ±16% uncertainty in the fundamental frequency. This in turn translates to approximately the same amount of uncertainty in the normalized frequencies, which leads to a ±5 uncertainty in a. Therefore, if we take the spectral spread of individual spectral peaks to literally represent the uncertainty of the peak frequency, it is difficult to determine the field-aligned mass distribution.
[41] Another possible source of the uncertainty in frequency is the temporal variation in field line density variation. Using multiharmonic toroidal frequencies on the ground at L < 4 identified with the cross-phase technique, Menk et al. [1999] inferred that a changed from 6 to 2 over $1 hour span in association with a change in Kp index. Such rapid change in the background plasma distribution will broaden the spectral peak calculated in our 20-min time window.
[42] We argue that our statistical approach allows us to derive average normalized frequencies from which average field-aligned density distribution can be inferred. Although the estimate for the normalized frequency for individual events has significant error, as indicated by the values for hf 2 /f 1 i and hf 3 /f 1 i E in Table 3 , there is no obvious reason that the errors are biased. That is, the statistical average of a large number of normalized frequencies should correctly represent the average frequency relationship of the magnetospheric toroidal harmonics. Therefore we regard the uncertainties in a Dip-Ensemble and a T96-Ensemble in Table 3 as an overestimate of the range of possible a values.
Ion (CRRES) and Electron (Polar) Comparison
[43] The electron number density data allow us to sort the frequency samples according to the density instead of L. In particular, we are interested in the possible difference between the plasmasphere and plasmatrough. As shown in Figure 1 , theoretical studies suggest a = 0 -1 for the plasmasphere on the basis of diffusive equilibrium and a $ 4 or a $ 3 for the plasmatrough on the basis of a collisionless distribution [Lemaire and Gringauz, 1998; Goldstein et al., 2001] . In a recent study, Goldstein et al. [2001] used plasma wave data from the Polar spacecraft to determine the electron density variation along the geomagnetic field line. Goldstein et al. assumed the same form of field-aligned density variation as equation (2) (we use a e to denote the power law index for the electron number density.) The polar orbit of the spacecraft enabled Goldstein et al. to get two samples of n e on each path, essentially on the same field line but at different distances from the magnetic equator. The two measurements of n e were used to determine a e . Goldstein et al. obtained a e = 0.37 ± 0.8 for the plasmasphere (n e ! 100 cm
À3
) and a e = 1.7 ± 1.1 for the plasmatrough (n e < 100 cm À3 ). Later results by Denton et al. [2002a Denton et al. [ , 2002b suggest that a e might be somewhat higher in the plasmatrough, $2 -3. To summarize, the Polar study showed that a e is smaller in the plasmasphere than in the plasmatrough, as the theory suggested. [44] Our results for the two plasma regimes are shown in Figure 10 and in Table 3 . We depart slightly from Goldstein et al. [2001] in that we use n e ! 160 cm À3 to define the plasmasphere and n e < 40 cm À3 to define the plasmatrough. In the plasmasphere, we get h f 2 /f 1 i E = 2.53 ± 0.49 and h f 3 /f 1 i E = 4.03 ± 0.29. Using Table 1 , these correspond to a = 1.3 and 1.4, respectively. As was the case for L = 4-6, the agreement of these values indicates that the power law form (2) is sufficient to describe the mass density field line dependence. The mass density field line dependence in the plasmasphere is therefore consistent with the electron density field line dependence in the plasmasphere (both leading to a $ 0-1). These results imply that both the plasmaspheric electrons and ions are in diffusive equilibrium.
[45] In the plasmatrough (Figure 10b ) the peaks are located at slightly higher frequencies, h f 2 /f 1 i = 2.67 ± 0.20 and h f 3 /f 1 i E = 4.11 ± 0.50. The larger values of these ratios are consistent with Figure 8 , where we find that h f 2 /f 1 i and h f 3 /f 1 i E tend to go up with increasing L. Using Table 1 , these frequency ratios correspond to a = À0.7 and 0.9, respectively. Here, as was the case for the L = 6 -7 data, the inconsistency of these values indicates that the power law form (2) is not sufficient to describe the mass density dependence. A qualitative difference from the Polar electron results is that the mass density a values are smaller in the plasmatrough (negative values of a), whereas for the electron density, a e was larger (more positive) in the plasmatrough. Note that there need not be a complete agreement between the electron and mass density a values. The agreement is required only when the plasma consists of a single ion species or a homogeneous mixture of ions. Then charge neutrality requires that the electron number density be proportional to the ion mass density everywhere along the field line. However, in the case where the mixture of ions is not homogeneous but the ion ratio varies along the field line, this relationship does not hold. Our results suggest that within the plasmatrough, the predominant heavy ion (probably O + ) is concentrated at the magnetic equator, while the lighter ions (H + ) have a minimum at the magnetic equator (in order to produce an ion charge density field line dependence consistent with the Polar results).
[46] It should be noted that our reference to plasmasphere and plasmatrough is only through local plasma density. There are highly localized regions of high-density plasma, such as plumes, in the nominal plasmatrough region. As these structures are likely generated by temporal changes in the magnetospheric electric field, the mass distribution along the field lines in the structures could differ significantly from that in the steady plasmasphere. The present study does not address this point, and it will be an interesting subject in the future.
Frequency Spacing at L > 6
[47] The spacing between the toroidal frequencies changes at L $ 6, and it has an important implication for the fieldaligned mass density variation. It has been noted that for the power law ion mass density variation, the frequency spacing between harmonics is nearly constant and is very close to the WKB fundamental frequency f 1,WKB given in equation (1) [Schulz, 1996; Denton and Gallagher, 2000] . Therefore the spacing is a measure of the sufficiency of the power law density model. The electric field results in Table 3 show that for 4 L < 5 the spacing between the fundamental and second harmonic, h( f 2 À f 1 )/f 1 i E (=h f 2 /f 1 i E À 1.0) is 1.5, which is equal to the spacing between the second and third harmonics, h f 3 /f 1 i E À h f 2 /f 1 i E . The same is approximately true for 5 L < 6, where we find h f 2 /f 1 i E À 1 $ 1.6 and h f 3 /f 1 i E À h f 2 /f 1 i E $ 1.5. Consistent with this equal spacing, the a values corresponding to the individual h f n /f 1 i values are close to each other, indicating that the power law model is sufficient to describe the observations at L < 6. This is not the case for 6 L < 7, where we find h f 2 /f 1 i E À 1 $ 1.9 versus h f 3 /f 1 i E À h f 2 /f 1 i E $ 1.4. In this case, no single a parameter can explain the spacing consistently.
[48] In order to better understand the implications of the frequency ratios for 6 L < 7, we plot in Figure 11 numerical solutions for the first three harmonics of the differential (E K /r) per differential MLAT, where E K is the kinetic energy associated with the wave perturbation. The integral of this quantity (area under the curve in Figure 11 ) gives the kinetic energy of the perturbation, except that the mass density has been factored out; regions of MLAT where E K /r is small are energetically unimportant unless r is very large. These solutions are calculated assuming a = À1.2 (a Dip-Peaks value discussed above) and a dipole magnetic field. Whereas the details of the plot and the exact latitudes of maxima and minima do depend on the value of a Figure 11 . Variation of d(E k /r)/dMLAT with MLAT, where E k is the kinetic energy associated with the wave perturbation and r is the mass density. This quantity is plotted versus MLAT for three harmonics, (a) the fundamental (n = 1), (b) the second harmonic (n = 2), and (c) the third harmonic (n = 3). used, the overall features do not. As was discussed in section 1, the frequency of a particular harmonic will only be affected by the mass density in the region where the velocity perturbation of that harmonic is substantial; this comment applies more accurately to E K /r (proportional to velocity squared). The value of d(E K /r)/d(MLAT) for the fundamental (n = 1, Figure 11a) shows that the fundamental mode is affected by mass density in a region centered at zero latitude. The third harmonic (n = 3, Figure 11c ) is also affected by mass density at zero latitude, but also by mass density at the outer peak in d(E K /r)/d(MLAT) at MLAT = 22°. Therefore the ratio h f 3 /f 1 i E gives us information about the mass density at MLAT = 22°relative to that at MLAT = 0°. Since d(E K /r)/d(MLAT) for the second harmonic (n = 2, Figure 11b ) has a peak at about MLAT = 15°, the ratio h f 2 /f 1 i gives us information about the mass density at MLAT = 15°r elative to that at MLAT = 0°. Now h f 3 /f 1 i E = 4.3 (Table 3) , which from Table 1 indicates a = À0.5. On the basis of this value of a, the mass density at MLAT = 22°would be expected to be close to, but somewhat lower than, that at MLAT = 0°. From Table 1 , if the power law fit with a = À0.5 worked for the entire length of the field line, h f 2 /f 1 i should be about 2.66, but it is actually 2.85 (Table 3 ). The fact that h f 2 /f 1 i is higher than expected based on the value of h f 3 /f 1 i E indicates that the mass density is lower at MLAT = 15°than would be consistent with a = À0.5. From Table 1 , the a value À3.6 is consistent with h f 2 /f 1 i, indicating a steep decrease in mass density from MLAT = 0°to 15°. These arguments lead to the conclusion that the mass density is a local maximum at MLAT = 0°, decreasing from MLAT = 0°t o 15°, but then increasing from 15°to 22°.
[49] In order to more quantitatively describe the field line mass density distribution consistent with the L = 6 -7 frequency ratios, we use the polynomial mass density distribution, equation (3), solve the toroidal wave equation, and vary the coefficients c 0 , c 2 , and c 4 so as to minimize the difference between the observed and theoretical frequency ratios as expressed by equation (5) . (This procedure is the same as that leading to a Dip-Peaks , a Dip-Ensemble , a T96-Peaks , and a T96-Ensemble , except that equation (5) rather than equation (2) is used.) The result of the calculations is shown in Figure 12 , where the mass density is plotted versus MLAT. The dashed curves are solutions based on the dipole magnetic field model, while the solid curves are solutions based on the T96 model; these solutions are clearly very similar. The middle thick curves are the solutions derived from the peak frequency ratios, while the upper and lower curves (marked ''±s'' in the figure) are the results of a Monte Carlo simulation. They correspond to the log average mass density plus or minus 1 standard deviation (in the log value) for an ensemble of 50 sets of frequency ratios consistent with the standard deviations for those ratios listed in Table 3 . The log average value for the ensemble is not plotted, but at each value of MLAT, it would be halfway between the upper and lower curves (since Figure 12 is plotted with a logarithmic vertical scale). Figure 12 shows that, based on the average frequency ratios (middle thick curves in Figure 12 ), the mass density solution has a local maximum at MLAT = 0°, decreases from MLAT = 0°to about 15°(somewhat farther out for the T96 solution), and then increases at higher latitudes, in agreement with our discussion in the last paragraph. Furthermore, the results from the ensemble of solutions show that the vast majority of solutions also have a local peak in mass density at MLAT = 0°. We have argued that a large fraction of the uncertainty in the frequency ratios probably comes from inaccuracy in measurement. Thus it is likely that the real variation in the field line dependence may be less than the spread between the upper and lower curves in Figure 12 indicates. Therefore our results indicate that not only is the typical or average mass density locally peaked at the equator but also that the mass density is locally peaked at the equator most of the time.
[50] The widths of the frequency ratio peaks indicate the variation in frequency ratios for all times for which we have data. The Monte Carlo simulation uses the spread in frequency ratios as an input. The results from the Monte Carlo simulation indicate that most of the solutions have a peak in mass density at the magnetic equator; therefore we can say that most of the time (corresponding to most of the solutions), the mass density is peaked at the magnetic equator.
[51] The idea of equatorial enhancement of ion density is not new. Engebretson et al. [1988] observed equatorially confined Pc3-4 pulsations with the AMPTE/CCE spacecraft at L $ 8 in conjunction with 30-to 130-eV protons that had a pitch angle distribution strongly peaked at 90°. Assuming that this population accounted for much of the total ion mass density, Engeberetson et al. argued that there was a strong field-aligned density gradient on both sides of the equator and that the gradients trapped ULF waves. Unfortunately, AMPTE/CCE did not carry an experiment to measure n e , so it is not clear whether the observed ions carried the bulk of the mass. As observations made at L < 5 reported an absence Figure 12 . Numerical solutions for mass density r versus MLAT using the polynomial approximation for r in equation (5). The dashed (solid) curves are found using dipole (T96) magnetic field model. The middle thick curves are found using the peak frequency ratios; the upper and lower curves represent the solution plus or minus 1 standard deviation using an ensemble of frequency ratios consistent with the width of the peaks. of equatorial enhancement of n e when H + ions (energy < 50 eV) are confined within a few degrees of the magnetic equator [Olsen et al., 1987] , one needs to be careful in interpreting ion observations made by an instrument covering a limited energy range. Unfortunately, this issue cannot be resolved in the present study because CRRES did not make rapid latitudinal traversal of the equator.
Implication to Ground-Based Mass Density Remote Sensing
[52] One of the motivations for our study of the fieldaligned mass density variation is refinement in the ULF waves-based technique for mass density estimate when harmonics are not available. Our analyses suggest that one can use a = 0 -1 for estimating plasma mass density from ULF waves observed in the inner magnetosphere, L < 6. The a dependence of the equatorial mass for a given pulsation frequency is evaluated here. From equations (1) and (2) we get
Then, substituting the numerical values of, for example, Cummings et al. [1969] of the toroidal frequencies to this equation, we get r eq (a = 4)/r eq (a = 1) $ 1.21 and r eq (a = 4)/ r eq (a = 2) $ 1.15. The density is underestimated by 15% (21%) if a = 3 (a = 4) is used instead of a = 1. Although the magnitude of the difference is relatively small, this refinement should be incorporated when one estimates mass density from ULF frequencies.
Conclusions
[53] In conclusion, we statistically examined the frequency of multiharmonic toroidal waves observed by CRRES in order to obtain information on the variation of plasma mass density along geomagnetic field lines. We developed a semiautomated procedure to identify the harmonic frequencies in the radial component of the electric field and the azimuthal component of the magnetic field. Approximately 3000 spectra showing toroidal waves were obtained in the L = 4 -8, MLT = 1200 -1800 domain. We then used the fundamental frequency of the electric field to define the normalized harmonic frequencies. The distribution of the normalized frequencies produced distinct peaks associated with the harmonics. The locations of the peaks were compared with those obtained from theory assuming a power law density model. Our major findings are as follows:
[54] 1. At L < 6, corresponding to the plasmasphere, the average frequency ratios f 2 /f 1 and f 3 /f 1 are consistent with the power law density model with a = 0 -1 (Table 3 ). This result is the same as that obtained for electrons in a previous study and is also consistent with diffusive equilibrium [Goldstein et al., 2001] .
[55] 2.At L > 6, corresponding to the plasmatrough, the ratios f 2 /f 1 and f 3 /f 1 do not fit a single value of a, which suggests that the mass density does not follow a power law dependence. The ratios suggest, and our solutions using a polynomial form for the mass density, equation (5), more quantitatively show, that the mass density is locally peaked at the magnetic equator, decreases off the equator, and then increases at high latitude (Figure 12) . A Monte Carlo simulation shows that this result describes the majority of observed frequency ratios in our statistical study, and the actual spread of field line variations is probably less than that indicated by our results (since a large fraction of the standard deviation in frequency ratio is probably a result of methodological uncertainty). This result is very different from that found for electron density; studies of the electron density using Polar spacecraft data indicated that the electron density was a minimum at the magnetic equator [Goldstein et al., 2001; Denton et al., 2002a Denton et al., , 2002b . These results imply that there is a concentration of heavy ions at the magnetic equator.
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